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In this work, we establish a general theory of phase transitions and quantum entanglement in the equilibrium
state at arbitrary temperatures. First, we derived a set of universal functional relations between the matrix
elements of two-body reduced density matrix of the canonical density matrix and the Helmholtz free energy
of the equilibrium state, which implies that the Helmholtz free energy and its derivatives are directly related
to entanglement measures because any entanglement measures are defined as a function of the reduced density
matrix. Then we show that the first order phase transitions are signaled by the matrix elements of reduced
density matrix while the second order phase transitions are witnessed by the first derivatives of the reduced
density matrix elements. Near second order phase transition point, we show that the first derivative of the
reduced density matrix elements present universal scaling behaviors. Finally we establish a theorem which
connects the phase transitions and entanglement at arbitrary temperatures. Our general results are demonstrated
in an experimentally relevant many-body spin model.
I. INTRODUCTION
Quantum phase transition is a transition between different
quantum phases of a many-body system at zero temperature
[1, 2]. It comes from diverging quantum fluctuations and may
be observed by varying the control parameter of the system
at zero temperature [1]. In recent years, a large amount of
effort has been made in investigating phase transitions from
the perspective of quantum information science [3], in partic-
ular the quantum entanglement [4–7] and the quantum fidelity
[8–10]. The advantage of investigating phase transitions from
quantum information science approach compared to the con-
ventional approach is that one do not need to know the local
order parameter of the phase transitions and specific symme-
tries of microscopic Hamiltonian [11–37].
Previous investigations on the relations between phase tran-
sitions and entanglement are based primarily on specific
many-body models [4–7]. Recently, Wu and his collaborators
[38, 39] studied the relations between quantum phase transi-
tions and quantum entanglement in a general settings and their
theories are valid for a very broad class of many-body systems
[38–41]. However, Wu’s results are valid only at zero temper-
atures. Realistic experiments are performed at nonzero tem-
peratures. It is thus highly desirable to investigate whether the
general relations between entanglement and phase transitions
survive at nonzero temperature.
Motivated by the works of Wu and his collaborators [38,
39], in the present work, we study the general relations of
phase transitions and entanglement in the equilibrium state at
arbitrary temperatures. We derived a set of universal func-
tional relations between the matrix elements of two-body re-
duced density matrix of the canonical equilibrium state and
the Helmholtz free energy of the equilibrium state. This re-
veals that the Helmholtz free energy and its derivatives are
directly related to entanglement measures since any entangle-
ment measures are defined from the reduced density matrix.
We show that the first order phase transitions are signaled by
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the matrix elements of reduced density matrix while the sec-
ond order phase transitions are witnessed by the first deriva-
tives of the reduced density matrix elements. Close to second
order phase transition point, we show that the first derivatives
of the reduced density matrix elements present universal scal-
ing behaviors. Finally we establish a theorem which connects
the phase transitions and entanglement at arbitrary tempera-
tures. We demonstrated our general conclusions in the Lipkin-
Meshkov-Glick (LMG) model which presents both quantum
phase transitions and thermal phase transitions.
This paper is structured as follows. In Sec. II, we estab-
lish the general framework and derived the relations between
Helmholtz free energy and the reduced density matrix ele-
ments. In Sec. III, we establish the relations between phase
transitions and reduced density matrix. Sec. IV is devoted
to study the relations between phase transitions and entangle-
ment. In Sec. V, we study the LMG model to demonstrate
our general results. Finally Sec. VI is a brief summary and
discussion.
II. FREE ENERGY AND REDUCED DENSITY MATRIX
Let us consider a general Hamiltonian up to two-body in-
teractions,
H =
∑
i,α,β
Eiαβ|αi〉〈βi| +
∑
i, j,α,β,γ,δ
Vi, jαβγδ|αiβ j〉〈γiδ j|. (1)
Here {|αi〉} is a complete basis for the Hilbert space and
α, β, γ, δ ∈ [0, 1, · · · , d − 1] with d being the dimension of
the Hilbert space and i, j are the indices labelling d-level sys-
tems (qudits). This Hamiltonian is the same as that discussed
in [38] where quantum phase transitions and reduced density
matrix are discussed. In the present work, we generalize the
connections between phase transitions and entanglement at
zero temperature to arbitrary temperatures. At non-zero tem-
perature, the canonical density matrix of a many-body system
with Hamiltonian H which is in thermal equilibrium with a
heat bath at fixed temperature T is given by
ρ =
e−βH
Z
, (2)
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2where β = 1/T is the inverse temperature of the bath (We
set the Boltzmann constant kB = 1) and Z = Tr[e−βH ] is the
canonical partition function of the system. From the canonical
density matrix (2), the Helmholtz free energy is thus given by
F = E − TS , (3)
= Tr[ρH] + TTr[ρ ln ρ], (4)
=
∑
i,α,β
EiαβTr
[
ρ|αi〉〈βi|] + ∑
i, j,α,β,γ,δ
Vi, jαβγδTr
[
ρ|αiβ j〉〈γiδ j|
]
+TTr[ρ ln ρ], (5)
=
∑
i,α,β
Eiαβρiαβ +
∑
i, j,α,β,γ,δ
Vi, jαβγδρi jγδ,αβ + TTr[ρ ln ρ], (6)
=
∑
i j
Tr[Ui jρi j] + TTr[ρ ln ρ]. (7)
Here in Equation (3), E is the internal energy and S is the en-
tropy. In Equation (7), ρi j is two-body reduced density matrix
of the canonical density matrix ρ andUi j is defined by
Ui jαβ,γδ = Eiαγδ jβδ/Ni +Vi, jαβγδ. (8)
Here Ni is the number of qudits that the qudit i interact with
and δ jβδ is the Kronecker delta function on the qudit j. The
internal energy of the equilibrium state can be given by
E = Tr[ρH] =
∑
i j
Tr[Ui jρi j]. (9)
The functional relations in Equation (7) and (9) tell us that the
internal energy of the equilibrium state is fully determined by
the two-body reduced density matrix of the canonical density
matrix but the free energy do not. Equation (9) not only holds
for the internal energy but also for other physical observable.
For example the average value of an arbitrary two-body opera-
torM = ∑i jMi j in the equilibrium state is fully characterized
by the two body reduced density matrix as
〈M〉 =
∑
i j
Tr
[
ρi jMi j
]
. (10)
Note that Equation (9) and Equation (10) can be easily gen-
eralized to Hamiltonian with n-body interactions, where the
internal energy and the average value of any physical observ-
able are connected to n-body reduced density matrix.
III. PHASE TRANSITIONS AND THE REDUCED
DENSITY MATRIX
In this section, we establish the relations between phase
transitions and the reduced density matrix. We assume the
many-body Hamiltonian H in Equation (1) depends on con-
trol parameter λ through Eiαβ and Vi, jαβγδ. Assuming that Eiαβ
and Vi, jαβγδ are smooth functions of the control parameter of
the system λ. From the definition of free energy, Equation (4)
we have
∂F
∂λ
= Tr
[
∂ρ
∂λ
H + ρ∂H
∂λ
]
+ TTr
[
∂ρ
∂λ
ln ρ + ρ
∂ ln ρ
∂λ
]
,(11)
= Tr
[
∂ρ
∂λ
H + ρ∂H
∂λ
]
+ TTr
[
∂ρ
∂λ
ln ρ
]
, (12)
= Tr
[
∂ρ
∂λ
H + ρ∂H
∂λ
]
− TTr
[
∂ρ
∂λ
(βH + lnZ)
]
, (13)
= Tr
[
ρ
∂H
∂λ
]
, (14)
=
∑
i j
Tr
[
∂Ui j
∂λ
ρi j
]
. (15)
In the above derivation, the last term in Equation (11) which
reduces to Tr[∂λρ] = 0 vanishes because of the normaliza-
tion condition of the density matrix Tr[ρ] = 1. From Equa-
tion (12) to Equation (13), we have made use of Equation (2).
From Equation (13) to Equation (14), we have made use of
Tr[∂λρ] = 0 again. In the last step, we have take advantage of
Equation (9). We thus have the relation between first deriva-
tive of free energy and the reduced density matrix,
∂F
∂λ
=
∑
i j
Tr
[
∂Ui j
∂λ
ρi j
]
. (16)
Differentiating both sides of Equation (16) with respect to λ,
we have
∂2F
∂λ2
=
∑
i j
Tr
[
∂2Ui j
∂λ2
ρi j
]
+
∑
i j
Tr
[
∂Ui j
∂λ
∂ρi j
∂λ
]
. (17)
From Equation (9), the first derivative of the free energy with
respect to the temperature satisfies that
F − T ∂F
∂T
=
∑
i j
Tr[Ui jρi j]. (18)
Differentiating both sides of Equation (18) with respect to
temperature T , we get
∂2F
∂T 2
= − 1
T
∑
i j
Tr
[
Ui j ∂ρ
i j
∂T
]
. (19)
Equation (16),(17), (18) and (19) are the first central results of
the paper. We now make several comments on their implica-
tions to the phase transitions:
1. Equation (16),(17), (18) and (19) connect the macroscopic
quantities of a thermodynamic equilibrium state, the free en-
ergy and its derivatives, to the microscopic state of the system,
two-body reduced density matrix of the canonical density ma-
trix. In addition, Equation(16) and (17) recovers the results in
[38] at zero temperature.
2. Implications for first order phase transitions: First order
phase transitions usually mean that the free energy is analytic
function of the control parameters, such as λ,T , but the first
derivatives of the free energy with respect to λ,T are nonana-
lytic functions of the control parameters (nonanalytic may be
3either diverge or discontinuous). If we assume that Eiαβ and
Vi, jαβγδ are smooth functions of the control parameters of the
system λ. From Equation (16) and (18), the nonanalytic be-
havior of the first derivative of the free energy with respect to
λ,T must come from the nonanalytic behavior of matrix ele-
ments of the two-body reduced density matrix of the canonical
density matrix, ρi j.
3. Implications for second order phase transitions: Second or-
der phase transitions mean that the free energy and its first
derivatives are analytic functions of the control parameters
λ,T but the second derivatives of the free energy with respect
to the control parameters λ,T are nonanalytic (either diverge
or discontinuous). We assume that Eiαβ andVi, jαβγδ are smooth
functions of the control parameters of the system λ. From
Equation (17) and (19), the nonanalytic behavior of the sec-
ond derivatives of the free energy must come from the non-
analytic behavior of matrix elements of the first derivatives of
the two-body reduced density matrix with respect to λ,T , i.e.
∂λρ
i j and ∂Tρi j. Near thermal phase transitions, the singular
part of the free energy Fs presents the scaling behavior [2],
Fs
(
1
N
, δT
)
= Ψ0
(
b
N
, b1/νδT
)
. (20)
Here b is a scaling factor and δT = T − Tc with Tc being the
critical temperature and δλ = λ − λc with λc being the criti-
cal control parameter. ν is the correlation length critical expo-
nent of the thermal phase transitions and Ψ0(x, y) is a universal
scaling function. Because Equation (19) tells us that the sin-
gular part of the free energy must come from the singularity of
the two-body reduced density matrix, we then expect that one
of the matrix elements of the two-body reduced density ma-
trix of the canonical density matrix near critical point satisfies
the following scaling relation,
∂ρi j
∂T
∝ Ψ1
(
b
N
, b1/νδT
)
. (21)
Here Ψ1(x, y) is a universal scaling function. In the quantum
critical region, the free energy density presents the scaling be-
havior [1]
Fs
(
1
N
,T, δλ
)
= Ψ2
(
b
N
, bzT, b1/νδλ
)
. (22)
Here ν and z are respectively the correlation length critical
exponent and the dynamical critical exponent of the quantum
phase transitions and Ψ2(x, y, z) is a universal scaling function.
Because Equation (17) tells us that the singular part of the free
energy must come from the singularity of the first derivative of
the two-body reduced density matrix, we then expect that one
of the matrix elements of the two-body reduced density matrix
of the canonical density matrix near critical point satisfies the
following scaling relation,
∂ρi j
∂λ
∝ Ψ3
(
b
N
, bzT, b1/νδλ
)
. (23)
Equation (21) and (23) tell us that the first derivative of
the matrix elements of the two-body reduced density matrix
present scaling behaviors both at quantum critical point and
thermal critical point.
IV. PHASE TRANSITIONS AND ENTANGLEMENT
In recently years, entanglement measures have been used
to diagnostic universal behaviors in quantum many-body sys-
tems, in particular phase transitions [4, 6, 7]. The most useful
entanglement measures are the Re´nyi entropies and the von
Neumann entropy [4, 6, 7]. If a quantum system is prepared
in a state ρ and a bipartition of the system into a subsystem A
and its complement B, the reduced density matrix of part A is
ρA = TrB[ρ]. The Re´nyi entropies S n of part A are defined as
[7],
S (n)A =
1
1 − n ln Tr[ρ
n
A]. (24)
When n → 1, the Renyi entropy becomes von Neumann en-
tropy, limn→1 S (n)A = S A = −Tr[ρA ln ρA].
In the previous section, we have established the connections
between phase transitions and the reduced density matrix. Be-
cause quantum entanglement measures are defined from the
reduced density matrix [4, 6, 7], it is thus conceivable that en-
tanglement and phase transitions are directly connected. Now
We first state the central theorem about phase transitions and
entanglement at arbitrary temperatures, which is a generaliza-
tion of the work by Wu and his collaborators [38] to finite
temperatures. Then we make a proof of the theorem.
Theorem: If the following conditions (i), (ii), (iii) are sat-
isfied, then nonanalytic behavior in the Re´nyi entanglement
entropy and in the first derivative of the Re´nyi entanglement
entropy are respectively necessary and sufficient conditions to
signal a first order phase transition and a second order phase
transitions.
(i) The first order phase transition and second order phase
transitions are associated to nonanalytic behavior of the
first order derivative of the free energy and second order
derivative of the free energy respectively. Furthermore,
the nonanalytic behavior in the first order derivative of
the free energy and in the second order derivative of the
free energy exclusively originated from the elements of
the ρi j and not from the summation itself.
(ii) The nonanalytic matrix elements of ρi j and its first
derivatives (∂λρi j, ∂Tρi j) appear in the expression of
Re´nyi entanglement entropy do not either all acciden-
tally vanish or cancel each other;
(iii) The nonanalytic matrix elements of ρi j and its first
derivatives (∂λρi j, ∂Tρi j) appear in the expression of
Re´nyi entanglement entropy do not either all acciden-
tally vanish or cancel other terms in the expression for
the four equations (16),(17), (18) and (19).
Now let us prove the above theorem:
Proof: The case for first order phase transitions: If condi-
tion (i) is satisfied, then the first order phase transitions must
come from nonanalytic behavior of one matrix elements of ρi j,
as given by Equations (16) and Equation (18). Taking the con-
dition (ii) into account, the first order phase transitions will be
associated to nonanalytic behavior in the Re´nyi entanglement
4entropy. So nonanalytic behavior in the Re´nyi entanglement
entropy is a necessary condition for first order phase transi-
tions. Considering condition (iii), nonanalytic behavior in the
the Re´nyi entanglement entropy must come from the nonan-
alytic behavior of one or more of the matrix elements of the
reduced density matrix ρi j. Assuming condition (i), a first or-
der phase transitions follows. Thus nonanalytic behavior in
the Re´nyi entanglement entropy is also a sufficient condition
for first order phase transitions.
The case for second order phase transitions: If condi-
tion (i) is satisfied, then the second order phase transitions
must come from nonanalytic behavior of one or more of the
matrix elements of the first derivative of the reduced density
matrix (∂Tρi j, ∂λρi j), as given by Equations (17) and Equa-
tion (19). Taking the condition (ii) into account, the second
order phase transitions will be associated to nonanalytic be-
havior in the first derivative of Re´nyi entanglement entropy.
So nonanalytic behavior in the first derivative of Re´nyi en-
tanglement entropy is a necessary condition for second order
phase transitions. Considering condition (iii), the nonanalytic
behavior in the first derivative of Re´nyi entanglement entropy
must come from the nonanalytic behavior of one or more of
the matrix elements of the first derivative of the reduced den-
sity matrix, (∂Tρi j, ∂λρi j). Assuming condition (i), a second
order phase transitions follows. Thus nonanalytic behavior in
the first derivative of the Re´nyi entanglement entropy is also a
sufficient condition for second order phase transitions. There-
fore the theorem is proved.
V. PHYSICAL MODEL DEMONSTRATION
To demonstrate the above ideas, we study a many-body
spin model with both quantum phase transitions and finite
temperature phase transitions, namely the Lipkin-Meshkov-
Glick (LMG) model [42–44] and the Hamiltonian of the LMG
model is
H = − J
N
∑
i< j
(
σxiσ
x
j + γσ
y
iσ
y
j
)
− λ
∑
j
σzj. (25)
Here J is the ferromagnetic coupling strength between two
pauli spins ~σi and ~σ j at arbitrary two sites along the x and y
directions, γ is the anisotropy of the ferromagnetic coupling
in the y direction, λ is the magnetic field along z direction.
The LMG model and its various extensions have been experi-
mentally realized in trapped ion systems [45–47] and also may
be implemented in the nitrogen-vacancy centers system [48].
Thus investigations in this work could be verified experimen-
tally in near future.
Let us now relate the derivative of free energy and the ma-
trix elements of the two-body reduced density matrices of the
canonical density matrix:
1. Free energy and its derivatives with respect to the con-
trol parameter λ: First, one can show that the diagonal ma-
trix elements of the two-body reduced density matrix and the
average value of physical quantity in the LMG model are re-
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∂λ m-∂
ρ 11ij /∂λ
)/∂ρ 11ij
/∂λ
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FIG. 1: (color online). Finite-size scaling of the first derivative of
the two-body reduced density matrix element close to the quantum
phase transition point in the LMG model. (a). The first derivative of
the two-body reduced density matrix element with respect to control
parameter λ, ∂ρi j11/∂λ, in the LMG model as a function of control
parameter λ for different number of spins N. The black solid line is
N = 500, the orange dashed line is N = 1000, the magenta dotted
line is N = 1500 and the blue dash-dotted line is N = 2000. (b).
Data collapse of the first derivative of the two-body reduced density
matrix element in the LMG model shown in (a). According to scaling
arguments, ∂ρi j11/∂λ is a function of N
1/ν(λ − λm) only with λm being
the position of the maximum of ∂ρi j11/∂λ and ν = 1.49 being chosen
so that data in (a) for different N collapse perfectly. ∂ρi j11/∂λm is a
shorthand notation for ∂ρi j11/∂λ|λ=λm .
lated by (See Appendix for detailed derivations)
ρ
i j
11 =
1
4
[
〈σziσzj〉 + 2〈σzj〉 + 1
]
, (26)
ρ
i j
44 =
1
4
[
〈σziσzj〉 − 2〈σzj〉 + 1
]
, (27)
ρ
i j
22 = ρ
i j
33 =
1
4
(
1 − 〈σziσzj〉
)
. (28)
Then the first derivative of the free energy can be calculated
5as
∂F
∂λ
=
〈
∂H
∂λ
〉
, (29)
= −N〈σzj〉, (30)
= −N
[
ρ
i j
11 − ρi j44
]
. (31)
Here we have made use of the translation symmetry and Equa-
tions (26) to (28). Differentiating the above equation with re-
spect to λ, we get
∂2F
∂λ2
= −N
∂ρi j11∂λ − ∂ρ
i j
44
∂λ
 . (32)
We thus proved analytically Equations (16) and (17) in the
LMG model. Because the LMG model presents a second or-
der quantum phase transitions from a ferromagnetic phase to
a paramagnetic phase at critical field λc = 1, we thus expect
that ∂ρ
i j
11
∂λ
or ∂ρ
i j
44
∂λ
presents universal scaling behavior.
In Figure 1, we show that the critical behavior of the first
derivative of the two-body reduced density matrix element
∂ρ11/∂λ of the ground state as a function of the control param-
eter λ. In Figure 1 (a), we plot ∂ρ11/∂λ as a function of con-
trol parameter λ for the system with different number of spins
N = 500, 1000, 1500, 2000 respectively. First, one can see
that ∂ρ11/∂λ for systems with different number of spins cross
at the quantum critical point λc = 1. Second, ∂ρ11/∂λ presents
a peak at λm which is close to the critical point. As the sys-
tem size increases, the position of control parameter λm where
∂ρ11/∂λ has a peak approaches the quantum critical point λc.
In Figure 1(b), we plot the (∂ρ11/∂λ|λm −∂ρ11/∂λ)/∂ρ11/∂λ as
a function of scale parameter (λ − λm)N1/ν. We choose ν so
that the data in Figure 1(a) collapse perfectly and we found
that the correlation length critical exponent ν = 1.49, which is
close to the exact value ν = 3/2 [49].
2. Free energy and its derivatives with respect to tem-
perature T : The off-diagonal matrix elements of the two-
body reduced density matrix and the average values of the
physical observable are related by (See Appendix for detailed
derivations)
<ρi j23 =
1
4
[
〈σxiσxj〉 + 〈σyiσyj〉
]
, (33)
<ρi j14 =
1
4
[
〈σxiσxj〉 − 〈σyiσyj〉
]
. (34)
The average value of the internal energy is
〈E〉 = 〈H〉, (35)
= − J(N − 1)
2
[
〈σxiσxj〉 + γ〈σyiσyj〉
]
− λN〈σzj〉, (36)
= −(N − 1)J
[
(1 − γ)<ρi j14 + (1 + γ)<ρi j23
]
−λN
(
ρ
i j
11 − ρi j44
)
, (37)
= F − T ∂F
∂T
. (38)
In the above derivations, we have made use of the translation
symmetry and Equations (33) and (34). Differentiating the
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FIG. 2: (color online). Finite-size scaling of the first derivative of
the two-body reduced density matrix close to the thermal phase tran-
sition point in the LMG model. (a). The first derivative of the two-
body reduced density matrix element with respect to temperature,
∂ρ
i j
23/∂T , in the LMG model as a function of temperature T for dif-
ferent number of spins N. The black solid line is N = 200, the orange
dashed line is N = 300, the magenta dotted line is N = 400 and the
blue dash-dotted line is N = 500. Here we only show the real part
of ρi j23 because it is a complex number. (b). Data collapse of the first
derivative of the two-body reduced density matrix element with re-
spect to temperature in the LMG model shown in (a). According to
scaling arguments, ∂ρi j23/∂T is a function of N
1/ν(T − Tm) only with
Tm being the position of the maximum of ∂ρ
i j
23/∂T and ν = 2.01 being
chosen so that data in (a) for different N collapse perfectly. ∂ρi j23/∂Tm
is a shorthand notation for ∂ρi j23/∂T |T=Tm .
above equation with respect to temperature, we get
∂2F
∂T 2
=
(N − 1)J
T
(1 − γ)∂<ρi j14∂T + (1 + γ)∂<ρ
i j
23
∂T

+
λN
T
∂ρi j11∂T − ∂ρ
i j
44
∂T
 . (39)
We thus proved analytically Equations (17) and (19) in the
LMG model.
In Figure 2, we show that the critical behavior of the first
6derivative of the two-body reduced density matrix element
∂ρ11/∂T of the equilibrium state as a function of tempera-
ture T . In Figure 2 (a), we plot ∂ρi j23/∂T as a function of
temperature T for the system with different number of spins
N = 200, 300, 400, 500 respectively. First, one can see that
∂ρ
i j
23/∂T for systems with different number of spins cross at
the thermal critical point Tc = 1. Second, ∂ρ
i j
23/∂T presents a
peak at Tm which is close to the thermal critical point. As the
system size increases, the position of temperature Tm where
∂ρ
i j
23/∂T has a peak approaches the thermal critical point Tc.
In Figure 2(b), we plot the (∂ρi j23/∂T |Tm − ∂ρi j23/∂T )/∂ρi j23/∂T
as a function of scale variable (T − Tm)N1/ν. We choose ν so
that the data in Figure 2(a) collapse perfectly and we found
that the correlation length critical exponent ν = 2.01, which is
close to the exact value ν = 2 [49].
VI. SUMMARY
In summary, we have established a general theory of phase
transitions and quantum entanglement in the equilibrium state
at arbitrary temperature. We derived a set of universal func-
tional relations between the matrix elements of two-body re-
duced density matrix of the canonical equilibrium state and
the Helmholtz free energy of the equilibrium state. These rela-
tions imply that the free energy and its derivatives are directly
related to quantum entanglement in the canonical equilibrium
state. Furthermore, we showed that the first order phase tran-
sitions are signaled by the matrix elements of reduced density
matrix while the second order phase transitions are witnessed
by the first derivatives of the reduced density matrix elements.
Close to second order phase transitions, we showed that the
first derivatives of the reduced density matrix elements present
universal scaling behaviors. We finally established a theorem
which connects the phase transitions and entanglement at arbi-
trary temperature. Our general results are demonstrated in the
LMG model and could be verified experimentally in trapped
ion settings.
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Appendix: Derivation of the Relations between the Matrix
Elements of Two-body Reduced Density Matrix and the Average
Value of Physical Quantity in LMG Model
In this appendix we derive the relations between the matrix
elements of two-body reduced density matrix and the average
value of physical quantity in LMG model. First the average of
a Pauli spin along z direction can be calculated as
〈σzj〉 = Tr[ρσzj], (A1)
= Tri j[ρi jσzj], (A2)
=
∑
α,β
〈αiβ j|ρi jσzj|αiβ j〉, (A3)
= ρ
i j
11 − ρi j22 + ρi j33 − ρi j44. (A4)
Similarly, one gets
〈σzi 〉 = Tr[ρσzi ], (A5)
= ρ
i j
11 + ρ
i j
22 − ρi j33 − ρi j44. (A6)
Translation symmetry implies that 〈σzi 〉 = 〈σzj〉, which leads
to
ρ
i j
22 = ρ
i j
33. (A7)
Thus
〈σzj〉 = ρi j11 − ρi j44. (A8)
Besides, Tr[ρ] = 1 tells us that
ρ
i j
11 + 2ρ
i j
22 + ρ
i j
44 = 1. (A9)
The correlation function of two Pauli spins along z direction
is
〈σziσzj〉 = Tr[ρσziσzj], (A10)
= ρ
i j
11 − ρi j22 − ρi j33 + ρi j44, (A11)
= ρ
i j
11 − 2ρi j22 + ρi j44, (A12)
= 2[ρi j11 + ρ
i j
44] − 1. (A13)
Therefore, we have
ρ
i j
11 =
1
4
[
〈σziσzj〉 + 2〈σzj〉 + 1
]
, (A14)
ρ
i j
44 =
1
4
[
〈σziσzj〉 − 2〈σzj〉 + 1
]
, (A15)
ρ
i j
22 = ρ
i j
33 =
1
4
(
1 − 〈σziσzj〉
)
. (A16)
Thus Equations (26), (27) and Equation (28) in the main text
are derived.
One can see that the Hamiltonian of LMG model is invari-
ant under a global rotation along z axis by an angle pi. This
leads to
〈σxi 〉 = 0, (A17)
〈σyi 〉 = 0. (A18)
The average value of σxi and σ
y
i can be given by the matrix
7elements of the two-body reduced density matrix,
〈σxj〉 = Tr[ρσxj], (A19)
= Tri j[ρi jσxj], (A20)
=
∑
α,β
〈αiβ j|ρi jσxj |αiβ j〉, (A21)
=
∑
α,β,γ,δ
〈αiβ j|ρi j|γiδ j〉〈γiδ j|σxj |αiβ j〉, (A22)
= ρ
i j
12 + ρ
i j
21 + ρ
i j
34 + ρ
i j
43, (A23)
= 2
[
<ρi j12 +<ρi j34
]
. (A24)
〈σyj〉 = Tr[ρσyj], (A25)
= Tri j[ρi jσ
y
j], (A26)
=
∑
α,β
〈αiβ j|ρi jσyj |αiβ j〉, (A27)
=
∑
α,β,γ,δ
〈αiβ j|ρi j|γiδ j〉〈γiδ j|σyj |αiβ j〉, (A28)
= −iρi j12 + iρi j21 − iρi j34 + iρi j43, (A29)
= 2
[
=ρi j12 + =ρi j34
]
. (A30)
Thus we have
ρ
i j
12 = −ρi j34. (A31)
The average value of two-body operators can be calculated as
〈σxiσxj〉 = Tr[ρσxiσxj], (A32)
= Tri j[ρi jσxiσ
x
j], (A33)
=
∑
α,β
〈αiβ j|ρi jσxiσxj |αiβ j〉, (A34)
=
∑
α,β,γ,δ
〈αiβ j|ρi j|γiδ j〉〈γiδ j|σxiσxj |αiβ j〉, (A35)
= ρ
i j
14 + ρ
i j
23 + ρ
i j
32 + ρ
i j
41, (A36)
= 2
[
<ρi j14 +<ρi j23
]
. (A37)
In the above, we have made use of the Hermitian property of
the two-body reduced density matrix. Moreover,
〈σyiσyj〉 = Tr[ρσyiσyj], (A38)
= Tri j[ρi jσ
y
iσ
y
j], (A39)
=
∑
α,β
〈αiβ j|ρi jσyiσyj |αiβ j〉, (A40)
=
∑
α,β,γ,δ
〈αiβ j|ρi j|γiδ j〉〈γiδ j|σyiσyj |αiβ j〉, (A41)
= −ρi j14 + ρi j23 + ρi j32 − ρi j41, (A42)
= 2
[
<ρi j23 −<ρi j14
]
. (A43)
We thus obtain
<ρi j23 =
1
4
[
〈σxiσxj〉 + 〈σyiσyj〉
]
, (A44)
<ρi j14 =
1
4
[
〈σxiσxj〉 − 〈σyiσyj〉
]
. (A45)
Thus Equations (33) and Equation (34) in the main text are
derived.
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